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1. Introduction 

In this paper we introduce a new global integral which represents the standard L function 
attached to a cuspidal representation of the exceptional group C?2(A). Here A is the adele 
ring of a global field F. In [PS^Rj the authors introduced a global integral which represents 
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the standard L function for a classical group H. To describe their construction, for % = 1,2, 
let a, denote two cuspidal representations of H(A). Their global integral is given by 

J fa l ( h i) ( Pn( h 2) E (( h ii M> s)dh 1 dh 2 

H(F)xH(F)\H(A)xH(A) 

Here E(-,s) is a certain Eisenstein series. Unfolding the integral, one obtains the bilinear 
form 

<ni(h)<p (n ,(p 0a >= J (Pni^i^nWdh 

H(F)\H(A) 

as inner integration. Using that, the authors established the fact that the global integral 
is Eulerian. Moreover, assuming that a± and 02 are contragredient, then this integral is 
nonzero for some choice of data. Hence, the above global integral is nonzero for all cuspidal 
representation G\ of if (A). Integrals of this type are now known as "doubling integrals." 

In this paper we construct a doubling integral which represents the standard L function 
for G 2 (A). The global integral we construct uses a certain Eisenstein series defined on the 
exceptional group E 8 (A). It is introduced in section [2] integral (j3J). Thus, as in the classical 
groups, we obtain an integral construction which represents the standard L function, and 
which is not zero for all cuspidal representations. By attaching a character x to the Eisenstein 
series, our construction actually represents the twisted L function. 

A global construction for this L function is given in [Gl] , which is valid only for generic 
cuspidal representations. Another construction for this L function, which is valid also for 
cuspidal representations which are not generic, is given in [S]. In contrast to our construction 
and to |G1] . this global integral unfolds to a non-unique model. 

In this paper we prove the very basic properties of our construction. In section [2j after 
some preparation we introduce the global integral, unfold it, and show that it is Eulerian. In 
the third section, using MacDonald's formula, we carry out the unramified computations. In 
sections H] and [5] we carry out some computations which we use in the proof of the unramified 
calculations. For some of the calculations, we used the software LiE [L] and another software 
program [E], written by the second named author. This is mainly due to the sheer size of the 
calculations, owing to the large number of roots in Eg, the size of the Weyl group, etc., as 
well as to the large number of such calculations which must be performed. It is worth noting 
that any individual calculation which was performed with software can also be checked by 
hand. 

We also mention, that as in [PS-Rj pages 50-51, the local unramified computation gives 
us a definition of a generating function for the standard L function. Thus, it follows from 

section [3] equation (116D . that if we define N(s) to be the normalizing factor of the Eisenstein 
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series (cf. section @| and we define 

A s (g) = N(s) J f(w zu(l,g),sipu(u)du 

Uo(F) 

then 

J ^{g)^s{g)dg = L(ir, s) 

G 2 (F) 

We expect that our global construction will have certain applications in the study of this 
specific L function, and its twists by a character \. The first, is the study of the poles of 
this L function. The construction in |G1] implies that for generic cuspidal representations, 
this L function can have at most a simple pole. As follows from section 4, one expects that 
the Eisenstein series we use would have at most double poles. In fact one expects that there 
are cuspidal representations, which are CAP with respect to the Borel subgroup, whose L 
functions will have a double pole. Such CAP representations were constructed in |G-C-Jj . 

In the near future we hope to prove the following 

Conjecture 1. The twisted partial standard L function L s (ti <g) x, s) can have at most a 
double pole. 



2. The Global Integral 

In this section we introduce the global integral, and carry out the unfolding process. 
We work with the unique split F-group of type E$, which we assume to be equipped with a 
choice of maximal torus T and Borel subgroup B = T£/ max . Here ^7 max is a maximal unipotent 
subgroup of E$. For H C E$ a T-stable subgroup, Q(H, T) is the set of roots of T in H. Also 
for any reductive group H with maximal torus S, W(H, S) is the Weyl group of H relative 
to S. For &(E 8 , T) and W(E$, T), we may write $ and W respectively. In this paper we shall 
label the roots of E 8 by a«, (1 < i < 8). The labeling we use is as in |G-S] . Let Wi denote 
the simple reflection corresponding to the root Oj. We shall denote the product . . .Wi n 
by w[ii . . .i n ]. Write U a for the one- dimensional unipotent subgroup attached to the root a, 
and equip G with a realization {x a : G a — > U a | a G &(E$, T)}, consisting of an isomorphism 
G a — > U a for each root a. We assume that the structure constants are determined as in 
[G-Sj . For 1 < i < 8, the product x ai (l)x^ ai (—l)x ai (l) is a representative for the simple 
reflection Wi. This, in turn, determines a standard representative in G(F) for any word in 
the simple reflections. We shall often abuse notation by conflating this representative with 
the Weyl word it represents. 
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2.1. Eisenstein Series. For 1 < i < 8 we let Pj denote the standard maximal parabolic 
subgroup of such that a, is a root of the unipotent radical and the remaining simple roots 
of E 8 are roots of the standard Levi factor. We consider the group P 2 . It's Levi factor, M 2 , 
is isomorphic to {g G GL$ : det g is a square}. The group M 2 has a rational character whose 
square is det . (Indeed, M 2 acts on the highest weight vectors in the second fundamental 
representation of E 8 by such a representation.) Denote this rational character by det 5 . The 
modular quasicharacter 5p 2 of P 2 is the seventeenth power of det 3 . 

Let x be a character of A x trivial on P x . Regard \ as a representation of M 2 (A) by compos- 
ing with det 5 . Consider the induced representation Indp^^5p 2 x- This representation has an 
automorphic realization as a space of Eisenstein series. Specifically, for / SjX G I n dp 2 jj^5p 2 x 
the corresponding Eisenstein series is defined by E(h, f s<x ) := Yu-yeP2(F)\E B (F) fs,x{l9) f° r 
Re(s) large and by meromorphic continuation elsewhere. 

2.2. Fourier Coefficient. Next we describe a Fourier coefficient which plays an important 
role in this construction. As explained in |G2j one can associate with every unipotent orbit 
of a given group which defined over an algebraic closed field, a set of Fourier coefficients. In 
[G2] it is explained how to do it in the classical groups, but it is similar in the exceptional 
groups. The Fourier coefficient we will define is attached to the unipotent orbit 2A 2 of Eg. 

In the notation fixed above, P\ denotes the standard maximal parabolic subgroup of E$ 
whose Levi factor Mi is the product of a derived subgroup isomorphic to Spinu and a one- 
dimensional torus. Let U denote its unipotent radical of Pi. Then U is a two step unipotent 
group whose dimension is 78. The center Z(U) is 14 dimensional and can be identified with 
the standard ("vector") representation of Spin^. The quotient U/Z{U) is 64 dimensional 
and can be identified with a half-spin representation of Spirit. 

Let ijj denote a nontrivial additive character of the group F\A . The choice of ip identifies 
F with the Pontriagin dual of F\A. Characters of U(A) trivial on U(F) are then identified 
with the P-points of the rational representation of Mi which is dual to U/Z(U). This would 
correspond to the other half-spin representation of Spin^. 

Over an algebraically closed field, this representation of Mi has an open orbit. As recorded 
in the tables on p. 405 of [C] and p. 200 of |Kaj . the identity component is isomorphic to 
G2 x G 2 . Moreover, using the discussion on p. 267 of |Kij . it's not hard to show that the 
number of components in the stabilizer is two. We now choose a character of U(F)\U(A) 
which corresponds to a point in general position. 

Define the character ipjj of U(F)\U(A) as follows. Using the fixed realization {x a }, write 
u G U(A) as u = £11221111 (ri)xiii22iii (r 2 )xi 22 322io (^3)^11233210 (^4) u', where u' is a product of 

elements x a (u a ) corresponding to roots a which are not among the four listed above. Then 
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we define ipu(u) = ipiji + r 2 + r 3 + r 4 ). It's not difficult to calculate the identity component 
of the stabilizer of this character, which turns out to be isomorphic to G 2 x G 2 , proving that 
the character is indeed in general position. 

To be precise, the images of 
(1) 

£±00010000 ( r ); £±01000000 ( r )£±ooiooooo( r )£±ooooiooo(~ r ); £±01010000 ( r )£±ooiioooo( r )£±ooonooo( r ) 

£±01011000 ( r )£±omoooo ( r )£±oomooo ( — r ) j £±01111000 ( r ) j £±01121000 ( r ) 

generate a subgroup of Eg, which is isomorphic to G 2 . One may check that an element of 
this group which normalizes/centralizes its maximal torus also normalizes/centralizes the 
full maximal torus of Eg. This induces an embedding of the Weyl group of this copy of G 2 
into that of E 8 . The images of the two simple reflections are w 4 and w[235]. 

A second copy of G 2 is generated by the images of the following homomorphisms: 
(2) 

£±00000010 ( r ) j £±00000001 ( r )£±oiomoo (~ r )£±ooimoo ( r ) i £±00000011 ( r )£±oioimo ( r )£±ooiimoo (~ r ) 

£±01122210 ( r )£±oioiiiii( r )£±ooiiiiii( —r ); £±01122211 ( r ); £±01122221 ( r )- 

In this case, the simple reflections in the Weyl group map to w-j and w [865423456] in the 
Weyl group of E%. 

Finally, suitable representatives for the Weyl element w [657486576] stabilize ipu and act 
on the two copies of G 2 by reversing them. 

We shall denote the stabilizer of ipu by if ± and its identity component by H. Note that 
TnH and U max r\H are a maximal torus and maximal unipotent subgroup of H, respectively. 
The one parameter subgroups listed above equip each copy of G 2 with a realization and 
the structure constants of the two realizations. Thus, by equipping G 2 (regarded as an 
abstract group) with a realization having the same structure constants, we pin down a 
specific identification of H with G 2 x G 2 . 

One may now form the Fourier coefficient mapping 

up m- tpV'^Qi) := j uD{uh)i>u{u)du, {ip eC°°(HU(F)\E 8 (A))) 

U(F)\U(A) 

with image in the space C°°(H(F)U(A)^ U \E 8 (A)), of smooth, left #(F)-invariant, (U(A),ipu)- 
equivariant functions E S (A) — > C. 

2.3. Global Integral. In order to define a global integral, we apply the Fourier coefficient 
mapping defined in section I2~2l to the Eisenstein series of section [27T1 The result is a smooth 
function of uniformly moderate growth H(F)\H(A) — > C. It may therefore be integrated 
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over H(F)\H(A) against a cusp form. Thus, let 7r = m <8> ^2 denote an irreducible cuspidal 
representation of H(A). 

The global integral we consider is 



(3) J j <Piri(gi)<Pir 2 (92) j E(u(g 1 ,g 2 ),f StX )ipu(u)dudg l dg 2 

G 2 (F)\G 2 (A) G 2 (F)\G 2 (A) U(F)\U(A) 

Here G2 x G2 is embedded in E$ as the stabilizer of the character ipu as described above. 
Also, ip ni and <p n2 are vectors in the space of tti and 7r 2 respectively. 

2.4. Main Global Result. The main result of this section is the following 

Theorem 1. Let w\ ng denote the shortest element of W(M 2 ,T)weW(Mi,T), where we is 
the longest element of W. Let v = w [345678243546576], and let w = w\ ng i> . Let U = 
U Hw^U^Wo = Ua^(u,Ty. WO a<o U a - Denote 



< ni(9)<Pmi<Pm > = J <P*i(j9i9)<P*a(Sh.)dgi, 

G 2 (F)\G 2 (A) 

and let z = £ooomoo(l)^ooooiiio(l)^ooooom( — !)■ Then the integral d3J) is equal to 



(4) J J <n 1 (jg)<p n ,<p ira > f StX (w zu(g,l))if)u(u)dudg. 

G 2 (A)U {A) 

for all Re(s) large. 

Proof. Throughout this proof, we assume s lies in the domain of absolute convergence for 
E{f s>x ,g). For 70 G£ 8 (F) define 

E io(gJs, x ) ■■= Yl f s , x {.ioig)- 

J&(lo lp 2lonUH){F)\UH(F) 

Clearly, the sum is absolutely convergent. Moreover E 10 (g, f SjX ) is left [7if(F)-invariant for 
each 70 and 

E(gJ s , x )= Yl E JO (g,f s>x ). 

10&P 2 {F)\E 6 {F)/UH{F) 

Since E 10 is [/if (F)-invariant, we can consider its Fourier coefficient E^' . 

Rather than look for an exact set of representatives for the double cosets P 2 {F)\E^,{F) / U H {F) 
it is convenient to work with a larger subset of E$(F) which clearly contains a set of repre- 
sentatives. Write L 4i7 for the subgroup of E 8 generated by U± 0C4 ,U± ar . Clearly, L 4j7 C H. 
Let U max = Yl a <o Ua denote the maximal unipotent subgroup of Eg opposite U m3X and for 
w G W let N w = U max n w^U^w = ILx), wa<o u »- Let 

W{M 2 ,L 4J ) = {a e W{E 8 ,T) : a is of minimal length in W{M 2 ,T) ■ v ■ (w[A],w[7])a}. 
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Here (u>[4], w[7]) denotes the subgroup of W(E&, T) generated by the w[4] and w[7]. Then it 
follows from the Bruhat decomposition that the set 

(5) {a5\,ae W(M 2 , L 4 , 7 ) 6 G M 1 n N a (F)}. 

is a set of double coset representatives for P 2 (F)\E 8 (F) /U(F)L±j(F), and hence surjects 
onto P 2 (F)\E 8 (F)/U(F)H(F). 

We say that w G W is left M 2 reduced if it is the shortest element of W(M 2 , T)-w. Assume 
that 70 = wfx, with w E W left M 2 reduced and fx G M\{F). This certainly includes the case 
7o = cr5 as in (jSJ). Then it can be shown that ^Quh^ 1 G P 2 if and only if 7oW7 ~ 1 G P 2 and 
loh% 1 E P 2 . It follows that 

(6) , 

= Yl fs, x ( wu Vjh)[jM ■ ipu](u) du. 

U™{F)\U(A) ■ye(Hn-yo 1 P 2 jo)(.F)\H(F) 

where, U w := U H w~ 1 P 2 w, and [fx ■ ipu](u) ■= ipui^Ufx) for A* € Mi(F), it G U(A). 

Lemma 1. Take w G W left M 2 reduced, and fx G M\{F). 

(1) If the character fx ■ ipu is nontrivial on the group U W (A), then E ( ^f u) = 0. 

(2) Set 70 = wfx. If the group (H n / Jq 1 P 2 , j) contains the unipotent radical of a parabolic 
subgroup of H, then E^' is orthogonal to cuspforms H(F)\H(A) — > C. 

(3) For any 70 G E$(F), if the function Er^' is zero (resp. orthogonal to cusp- 
forms), then E^f'^ u ' is zero (resp. orthogonal to cuspforms) for all 7 G P 2 (F) ■ 
70 • U(F)H±(F). 

Remark 1. "Orthogonal to cuspforms" just means that the integral 

(7) J 70 (/ S , x ,^):= / E%>+"\hJ ax )<p(h)dh, 

Jh(f)\h(a) 



is zero for any f s x G Ind Pi 8 ^ S s p 2 X an d any cuspform ip : H(F)\H(A) — > C. Note that ([7j) is 
precisely the contribution of E 10 to our global integral. The function E^'^ u \f SiX ) need not 
be L 2 , so strictly speaking there is no inner product space here. However, it is of uniformly 
moderate growth, so it follows from the decay properties of cuspforms that ([7]) is absolutely 
convergent. 

Proof. (1) The function g 1— > f SiX (wg) is left-invariant by U W (A). So, (EI) can be written 
double integral with the inner integration being 

[fx ■ ipu](u) du. 

U W {F)\U™(A) 

7 



(2) The group H D 7o~ 1 i : 27o normalizes U and also the subgroup U fl % 1 P2'jo- More- 
over, if (A) stabilizes ipu. The function f ax is left-invariant, by the A-points of any 
unipotent subgroup of P 2 . Consequently, the function 

U W (F)\U(A) 

is left-invariant by the A-points of any unipotent subgroup of if fl 7 cl ~ 1 -P27o- The 
second part follows. 

(3) It follows from the definition of E 10 that E pioh = E 7o for p G P2(F) and h G H(F). 
For h~ G H ± (F) \ H(F), one has £ 7o/l _(s-, f SjX ) = E J0 (h~g, f s>x ) for all G £ 8 (A). 

□ 

Lemma 2. Lei 

(8) Supple/) = {11221111, 11122111, 12232210, 11233210}. 

Take 70 = cr8 as in © . If aa > for some a G Supp^ (■?/>[/)> ^ en F l0 (f StX , (p) = 0. 

Proof. If a G Supp $ (-0) the ^ry is nontrivial on U a . The condition era > implies that 
U a C f/' 7 , and ensures that ipu is nontrivial on U a . What must be shown is that [5 ■ ipu] 
remains nontrivial on U a (A), for all 5 G N U (F). This follows from the fact that N v is contained 
in the standard maximal unipotent and no two elements of Supp $ (?/>[/) differ by a positive 
root. □ 

Proposition 1. The set W(M 2 , £4,7) as in §5§ has 6576 elements, of which all but 25 map 
at least one of the four roots listed in lemma [H to a positive root. 

Proof. One can check this using the computer package LiE [L]. □ 

Let S = {<7 G W(M 2 , £4,7) : era > Va G Supp^^)}. According to proposition [fl S 1 
has 25 elements. Now, for a G W(M 2 , L 4J ) and 5 G (iV (j nM)(F), one has P 2 (F)a5L 4 ,7(i 71 ) C 
P 2 (F)o~5UH(F) C P 2 (F)aSPi(F). So, it makes sense to sort these 25 elements according to 
the image in P 2 (F)aSPi(F). Another straightforward computer check using [L] yields the 
next lemma. 

Lemma 3. If o G S then P 2 oP\ contains either 

(9) w sht := w [2431542345654234576542314354287654231435426543765428765431] 

or 
(10) 

w ing := w[24315423456542314354276542314354265437654287654231435426543765428765431]. 
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If S± = {a E S : w± E P2UP1}, (* = sht, lng), then S^t has 9 elements and S\ ng has 16. The 
9 elements of are all in the same P2(F),H(F) double coset, and the shortest of them is 
w sht w[56}. 

Proposition 2. For each a G S^t, the restriction of 5 ■ ipu to U a is trivial if and only if 
5 G H{F). 

Proof. One can check this on a case-by-case basis using the program "DCA3" from the egut 
package [E]. □ 

Corollary 1. Ifo~E S s h t then E^'^ u ^ is orthogonal to cuspforms. 

Proof. We use all three parts of lemma [TJ It is clear that E^'^) 5S , is orthogonal to cuspforms 
by part (2). Hence the same holds for any element of P 2 (F)w s htH(F) by part (3), and the 
proposition shows that E^'^ is identically zero the rest of the time by part (1). □ 

Lemma 4. Suppose that a G S\ ng and w^a can be written as a word in the simple reflections 
without using w[A]. Then E^'^ is orthogonal to cuspforms for all 5 G N a fl Mi(F). The 
same is true with %" replaced by "7". 

Proof. Set v = w^a. Since w\ ng is left Mi-reduced, it follows that aa < -<=>- va < for 
a G $(Mi, T). From this it follows that ^nli = iV,. 

Let P^ 11 := Mi fl P4, i.e., the maximal standard parabolic subgroup of Mi obtained by 
intersecting Mi with the standard maximal parabolic subgroup P4 of G. Thus, the only 
simple root a of M x such that U a is contained in the unipotent radical of P^ 1 is a 4 . Suppose 
that v can be expressed as a word in the simple reflections without using 4. Then u, is actually 
in the Levi M^ 1 of P 4 1 , and, consequently, so is N v . Clearly, the unipotent radical U^ 11 of 
Pf fl is contained in Q w , and hence in b~ l v~ l Q w vb for any 5 G N u . Since the intersection of 
U^ 1 with H is the unipotent radical of a parabolic subgroup of H. The lemma follows from 
lemma (TJ part (2). The previous argument also works if "4" is replaced by "7" throughout, 
which completes the proof. □ 

Inspecting the 16 elements of S\ ng yields a reduction. 

Lemma 5. Let S[ ng = {a G S\ ng \ w^ g a contains a 4 and a 7 } then S{ ng has 8 elements. 

Proposition 3. Let wq = u>i ng fo where uq = w [345678243546576]. For three of the eight 

elements a G S[ ng , the function E^'^ is orthogonal to cuspforms for all 5 G No- H M\. The 

remaining five have the property that P 2 a(N a (1 M) intersects P2WqN Wq H ± , and 5 ■ ipu is 

nontrivial on U u unless o~5 G P2(F)woN wo (F)H ± (F). 
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Proof. This can be checked on a case by case basis using the egut program DCA3. □ 

The results of the previous section imply that E^'^ u ^ is orthogonal to cuspforms whenever 
P2{F) r joH ± fl Wq(N Wo fl Mi)(F) is empty. In this section we must study E^' for 70 G 
wqN Wo (F). Recall that wo = ^lng^o where u = w [345678243546576]. And that N Wo flMi can 
be described more simply as N uo . 

We have 



r 00000100, 00000110, 00000111, 00001100, 00001110, 00001111, 00011100, 00011110, 
\ 00011111, 00111100, 00111110, 00111111, 01122210, 01122211, 01122221 



Write # G N uo as n^g^A^ t) x a(#a) with the product taken in the order the roots are listed 
above. Since H contains every element of Eg of the form 

£00000001 (r )^oioinoo( — r )£ooiiiioo( r ) ; £ooooooii(?")2 ; oomiio( — r )£oioiiiio( r ); 

£0101111l( r )2 ; 0112221o(^)2 ; 0011111l( — r ) , #01122211 (?") , OT #01122221 (0 > 

It follows that every element of aN UQ (F) lies in the same P 2 (F) , H (F)-double coset as u 5 
for some # such that 

(11) #00111100 = #00111110 = #011222210 = #011222211 = #011222221 = 0. 

For such #, the condition 5 ■ ipu \ Ua = 1 implies 

#00011111 = "00001111 — #00000110 — "00000100 — "00111111 — 

(12) #00000111 = #00001100#00011110 — #00001110#00011100 

Lemma 6. The set 

{#00001100 (#oooonoo)#ooomoo (#ooomoo)#oooomo (#00001110 )#ooooom (#00000111 )#oooimo (#00011110)} 
is a four-dimensional abelian subgroup D G N u , which is normalized by 

(13) M := (T n H) ■ SL%* ■ SL% cHn v~ l Q w v. 



The subset consisting of elements which satisfy (1121) is a union of three orbits for this action, 
represented by the identity, xoooimo(l) an d 
^ooomoo (l)^oooomo (l)^oooooin ( — !)• 

Proof. First, v ■ a 4 = a-?, while v ■ a.j — a^. Both lie in Q(L W ,T), and this proves that 
M C H fl v~ x Q w v. Verifying that the set D is indeed a subgroup is as simple as checking 
that no two of the roots 

(14) 00001100, 00011100, 00001110, 00000111, 00011110 
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sum to give another root of Eg. It is obvious that T normalizes D$. Proving that SL^ ■ SV^ 
does as well is as simple as verifying that when either a 4 or 07 is subtracted from a root 
listed in (I14p. the result is either not a root, or one of the other roots listed in (|14p . 
The action of Mq on Do can be identified with the action of GL\ on G a x Mat2 via 

(15) (91,92) ■ (x,X) = (det 5-1 det g^x, g x Xg 2 l ), 

in such a way that the subvariety defined by (1121) corresponds to that defined by x = — det X. 
It's clear that 

• this subset is preserved by the action (|15|) . 

• it is the union of three orbits, namely, the trivial orbit, {(0, 0)}, {(0, X) : X 7^ 
0,detX = 0} and {(-detX,X) : detX ^ 0}. 

• the elements given above do indeed represent these orbits. 

□ 

Corollary 2. If £ P2(F)w zH ± (F), then E^'^ is orthogonal to cuspforms. 

Proof. Indeed, one can check using LiE that wqoh > for i = 2,3,4,5. Hence Wq Hwq 
contains the full unipotent radical of the copy of G2 generated by (pQ). 

Let Gi denote the subgroup of E 8 , isomorphic to Spin 8 , generated by U± OH for i = 2, 3, 4, 5. 
Consider the maximal parabolic subgroup of G\ whose unipotent radical contains U aA . Let 
Vi denote this unipotent radical. Then k oqiiiio(1)^oooiiho(-1) C V± U 0112 iii ^01122110, 
and w a > for each a G {01121110, 01122110} U $(V4, T). Hence Wo s oooiino(l) conjugates 
(V4 PI H) into P2. The result follows from lemma [U part (2). □ 

This completes the proof that the global integral ([3D is equal to J 10 {f s ,x-> V 9 ^ ' V 9 ^); defined 
by ([ZD , for 70 = w z. 

Remark 2. For each 70 G E 8 (F), J 7o is a bilinear form between Indp*^ 5 s P x an d the 
space of cuspforms on H(F)\H(A). Define Supp(J) to be the set 0/70 G E 8 (F) such that 
J 70 , is nonzero. Then we have shown that Supp(J) is a union of P2(F),UH ± (F) double 
cosets, and that it vanishes off of a single P2(F),UH -double coset. It is therefore worth 
asking whether P2(F)wqzUH ± (F) = P2(F)wqzUH(F), for if this is not so, then we have 
proved that J 7o vanishes identically. Thankfully, the answer is yes. Indeed, if we define l z = 
^-ooomoo(l)a ; -ooooiiio(l)2 ; oooooiii( — 1), then z~ Xi zz~ x is a representative for the Weyl element 
if [657486576]. Recall that certain representatives for this Weyl element lie in H ± (F) \if (F). 
Moreover one can choose t G T(F) such that z~ lt zz~ 1 t G H ± (F) \H(F) and tQ 1 z~ 1 t = z. 
As Wt^ztoWo G P2(F), it follows that z-(z~ lt zz~ 1 t ) and z are in the same P2(F), H(F) double 
coset. 
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Let J 7o be denned as in (jTJ). Then 

J-y (fs, x ,<f) = / <p(h) I f s ^Quh)ipu{u)dudh. 



{Hr\ 1 - 1 P 2l0 ){F)\H{K) V0(F)\U{K) 

We have shown that the global integral (jSJ) is equal to J woz (f s , x , V^iV^)- 
Lemma 7. Define wq,z and Uq as in theorem^ Then 

f SiX (wQZuh)i)u(u)du= / f StX (j uh)ipu(u) du. 



I 



U w oz(F)\U(A) U (A) 

Proof. Note that U w ° = Y[ aeHU , T ): Woa >o U * while U o = IheWT)»»o<*<o U °'- lt follows that 
U = U w °Uq. One calculates that {a G <&(£/, T) : w a > 0} equals 

{(11110000); (11111000); (11121000); (11221000); (12232100); (12232110); (12232111)}. 

For each value of a, one easily checks that none of a — 00011100, a — 00001110, a — 00000111 
is a root. It follows that z normalizes Uq, and hence U = U w ° z Uq. 

Since f SyX {wQZuh) is left-invariant by U W ° Z (A), and since ipu is trivial on U W ° Z (A), the result 
follows. □ 

Lemma 8. The group H fl (wqz)~ 1 P 2 WqZ is the diagonally embedded copy of G 2 , i.e., the 
subgroup of H generated by £±00010000 (^±ooooooio(?")> and 

£±01000000 ( r ) £±00100000 ( r )£±ooooiooo ( — r )£±oooooooi M^ooimoo ( r )^01011100 ( — r ) • 

Proof. The group Mi fl w^P2Wi ng is the maximal parabolic subgroup of Mi whose unipo- 
tent radical contains U as . Denote this group by P 3 A/l . Then H fl (w z) 1 P 2 w z = H n 
(z/ z)- 1 P 3 A/l z/ z = {h G H | VQzhz- 1 ^ 1 G P 3 Ml . Now, Mi is isogenous to S0 14 . The ker- 
nel of this isogeny is contained in the maximal torus, and hence in every parabolic subgroup, 
and this means v^zhz^v^ 1 lies in P 3 Ml if and only if its image in SOu lies in the corre- 
sponding parabolic subgroup of SO u . This reduces the lemma to a straightforward matrix 
calculation. □ 

This completes the proof of theorem [TJ □ 

3. The Unramified Computations 

3.1. Notation. In this section the unramified local zeta integral corresponding to integral 
(j3J) will be computed. Therefore, let F now denote a nonarchimedean local field, and tt an 
unramified representation of G 2 (F). m this section we write Te 8 for our fixed maximal torus 
of Pg an d use T for a fixed maximal torus of G 2 . Let / denote a section of the induced 
representation mdp®H5 dp, where s G C with Re(s) large. (We no longer need to consider 
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characters of the type Spx~- if X is unramified, then it is equal to 6 P for some v G C and we 
may absorb v into s. ) Let u n denote the normalized spherical function for ir. Let Wq = w\ ng u 
where 

u; lng = ^[24315423456542314354276542314354265437654287654231435426543765428765431] 

and i> = w [345678245673456]. Let U denote the unipotent radical of the standard maximal 
parabolic subgroup of E 8 with Levi isomorphic to the product of Spirit and a one dimen- 
sional torus, and let U be the Testable subgroup of U such that $(t/, T Ea ) \ &(U ,T Es ) 
equals 

{(11110000); (11111000); (11121000); (11221000); (12232100); (12232110); (12232111)}. 

This group can also be described as U fl w ' 1 f/ max u7o, or I] tt >o-«, a<o U a . Define a character 
ipu of U (which may then be restricted to Uq) by the formula 

IpXjiu) = V ; C/(^1122111l(n)a;ill2211l(^2)a;i2232210(^3)^11233210(^4)M') = ^( r l + r 2 + ^3 + r 4 ), 

for any u' G U which lies in the product of the groups U a with a G &(U, Te s ) and a 
{11221111, 11122111, 12232210, 11233210}. Embed G 2 xG 2 into E 8 as the identity component 
of the stabilizer of ipu in Mi, as in section [221 Finally, let z = £00011100(1)^00001110 (1)^00000111 ( — !)• 
Then the local zeta integral is given by 




u v (g)f(w zu(l, g), s)4>u(u) du dg 



G 2 {F) U Q (F) 



Throughout this section, we shall often abuse notation and denote the F-points of an alge- 
braic group H by U H" suppressing the ubiquitous "(F)" 's. We denote the long and short 
simple roots of G 2 by f3\ ng and (3 s ^ t respectively. 
We embed G 2 into SO$ in such a way that 

T = {t = diag^, tl t 2 , t 2 , 1, 1, tj 1 , t^tf)}. 

This puts coordinates ti,t 2 on T. Another way to define the same coordinates is that t\ = 
Ang(t) and t 2 = (3 sht (t). 

We also write h : T ^ F 8 for the embedding h(f3^ ht (ai) f3^ ng (a 2 )) = ct 2 a^a^(ai)a^ (a 2 ) 
determined by our chosen embedding G 2 F 8 . Composing with the projection Mi — )■ SO14 
gives the embedding 

(h \ 

v V 

which we also denote /i. (Here T is identified with a subgroup of S0 8 .) 
We also write F' for G 2 (o). 
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Remark 3. We saw in lemma^ that the H R (woz)" 1 P2W0Z is the diagonally embedded 
copy of G2 inside of H = G 2 x Gi- Hence {(1,5") : g G G2} C H maps isomorphically onto 
(H n (w z)~ 1 P2iu z)\H. In fact we could take the integral in ffTBl) over any embedded copy 
of G2 with this property. 

3.2. Main Local Result. 

Theorem 1. For Re(s) sufficiently large, 

L(s,7T,St) 

/(s,7r) = _ AT^P ' 

where L(s, it, St) zs £/ie /oca/ L function attached to n and the 7 dimensional "standard" 
representation o/G 2 (C), and N(s) is the normalizing factor of the Eisenstein series, given 
explicitly (see section^ by 



Proof. The proof occupies the rest of section [3j and comes in several steps. Write T for the 
maximal torus of G2, and write T + for the subset {t G T : |/3i ng (i)|, |/3 s ht(£)| < 1}. As a subset 
of ^Og, this is 



For the rest of the section, we define t± := Ang(^) and t 2 := s u(t) as coordinates on the 
torus T. Define 

^U,t ( a; 1011111l( r l)^1223221o( r 2)^1223211l( r 3) a; 1123321o( r 4)a ; 1123221l( r 5) :: ' :; 1122222l(^6) M/ ) 



fi 8 



N(s) = C(17s) J] C(17s - i) J] C(34s - 2*)C(51s - 21). 



i=2 i=5 



{diag^,^,^,!,!,^ 1 ,^ 1 ^ 1 ,^ 1 ^ 2 ) eT: ^1, |t 2 | < 1}. 




/7q := i/ ^Qf( 



1 



U nw Q 1 U max w , and 







(17) 




Then we prove in section 13.31 that 



(18) 




where 5(t) is the measure of the double coset KtK. 
It's value is given by o~B(t)~ l Q/Qt, where 




(1 + 2q- x + 2q- 2 + 2g~ 3 + 2q~ 4 + 2q^ + q' 6 ), 



Q, \t\\ — | ^ 2 1 — 1, 

Qt := { 1 + q~ l , = max(|ti|, |t 2 |) > min(|ti|, \t 2 \), 
1 > max(|ti|, |i 2 |). 



This is proved in section 3.2 of [MJ. See also |Cassj . 

Every term in the integrand of ( {TBI) depends only on the p-adic valuations of t± and £ 2 
of T. To be precise, suppose that f(t 2 ) = m and v(ti) = n. Here v is the p-adic valuation. 
Then 5 B {t) = q -^-Wm De fi ne q m = Q t for t e T with = p n and £ 2 = p m . 

Now, set x = q~ 17s , and define 

Z(x, q) = (l- x)(l - xq 2 )(l - xq 3 )(l - xq 4 )(l - x 2 q l0 )(l - x 2 g 12 ) 

and 

I {n,m;x,q) := (l-xq 6 )(l-x 3 q 21 )-(l-xq 5 )(l-xq 6 )(xq 8 ) m+1 -(l~xq 8 )(l-xq 5 )(xq 8 ) m (xq 7 ) n+1 . 
Then theorem |3] states that 

j/ ^ = Z(x,g)I (n,m;x,q) 
(1 — xg 7 )(l — xg 8 ) 

Moreover, |^i^2 1 17s— 5 = (xg 5 ) 2m+n . This leaves ou n (t). To write a formula for u> n (t), it is 
convenient to identify the pair (m, n) with the weight mw\ + ntu 2 in the weight lattice A of 
L G\ = G 2 (C). This is compatible with the natural identification of A with T/T(o) which is 
built into the definition of the L-group. Let r be an element of the L-group associated to 
the representation tt (this determines r up to the action of W which is enough). We write A 
additively, and therefore denote the value of A G A at r by r A as opposed to A(r). Define So 
to be the finite set of weights of L G° which have at least one expression as a sum of distinct 
positive roots, and define polynomials P„, {y G So) by the condition 



\a>0 / u€S 



Then 

= ^- 5m - 3n E ^l ^f . where Mr) = E (-lY (w) T w \ (A G A). 

Here £ denotes the length function on W and Q is defined as in the formula for the measure 
of KtK given above. It is not difficult to derive this expression for u w (t) from the one given 
in [Ha] . 

Plugging all of this into [18] yields 



_ Z(x, q) v x 2m+ V 5m+8 "I (m, n; a, q) ^ p ( -u A {m ,n)-u+ P (r) 



;i-xg 7 )(l-xg 8 )^ n Q (m>n 
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The inner summation must be calculated. This is accomplished in theorem [21 which states 
that 

hQ s f x 2m+n q 15m+Sn I (m,n;x,q) ^ _ u A m _ u+p (t) 
( ) ^ Q^) ^ M ] AJt) 

m,n=0 ^(rn,n) p\ } 

oo 

= (1 - xq 5 )(l - xg 6 )(l - xq 7 )(l - xq 8 )(l - x 2 g 14 )(l - x 3 q 21 ) £ x M) (r)/ ? 8r , 

r=0 

where xx is the character of the irreducible finite dimensional representation of Gz(C) having 
highest weight A. The decomposition of the symmetric algebra of St is described by the 
theorem of Brion [Brj . and this description implies that 



A.(r,0)V )X r -^' 
r=0 

Plugging this in, and noting that (1 — xq 5 )(l — xg 6 )(l — x 2 q 14 )(l — x 2 q l6 )(l — x 3 q 21 )Z(x, q) 
is precisely N(s) yields theorem [IJ □ 

3.3. Transformation of the integral. 

Proposition 4. Let I (s, it) be defined by ffT6]) . and I(s,t) by fflTl) . T/ien 

I(s,n)= [ co 1K (t)5(t)\t 1 t 2 \ 17s - 5 I(s,t)dt. 



Proof. Using the bi-K invariant property of Cov, integral (116]) is equal to 



(20) J J u n (t)f(w zuh(t),s)ipu(u)5(t)dudt, 

T+ U 

where 5(t) denotes the measure of the double coset KtK. 

Conjugate h(t) across u. It normalizes Uq preserving ipu, but the change of variables 
u i — y h^uhit)^ 1 produces a factor of 



jJ2 ae <S>(U ,T E8 ) a 



\tltl\ 5 . 



from the measure. (Here t\ = (3\ ng (t) and t 2 = s u(t)-) 

Next define z(t) = h{t)- l zh{t). Then z(t) = x oomoo (^2)^00001110 (^1*2)^00000111 (Ml)- This 
calculation can be done in LiE or with matrices, since the projection Mi — > SO^ restricts 
to an isomorphism on G 2 ■ U. The image of t was described above, and the image of z is the 
unipotent matrix J 14 + e' 14 + e' 25 + e' 36 in SO14. Now conjugate z across u to obtain that 
integral (120]) is equal to 

(21) J j ' cu w (t)f(w uh(t)z(t),s)[z(t) • ipu](u)6(t)dudt 

T+ U 

Notice that z(t) is in the maximal compact and hence can be ignored. 
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Write wo = ifing^o as in Theorem [TJ We conjugate h(t) to the left and then u to the right, 
and we obtain 

(22) J J ^(t)/(w lng u,s)[z/ ^ 

T+ U' 

The character u z(t) ■ ipu(u) is precisely ipu,t, and 8 P (woJi^Wq 1 ) = \titl\ 17s . This gives the 
result. □ 

We remark that Uq may be defined as voUoVq 1 , as U fl u^f/max, or as the Tg 8 -stable 
subgroup of U such that Q(U,T Eg ) \ $([/q,T E8 ) is the set 

{(12343210); (12343211); (12343221); (12343321); (12344321); (12354321); (13354321)} 
Thus dim U = 71. 

3.4. Proof of Main Unramified Identity. In this section we prove f fl9|) . Set 
J (n, m; x, g) = 1 - xg 6 - x 3 g 21 + x 4 g 27 - x ™+y(™+D + x m+2 g 8m + 14 - x n+™ + y(n + i)+8m 

+X n+m+2 g 7n+8m+12 + x n + m + 2 g 7n + 8m + 15 _ x «+m+3^7n+8m+20 _|_ x m+2^8m+13 _ x m+3^8m+19 

= (1 - xg 6 )(l - x 3 g 21 ) - (xg 8 ) m+1 (l - xq 5 )(l - xg 6 ) - (xg 7 ) n+1 (xg 8 ) m (l - xg 5 )(l - xg 8 ) 

Identify Z 2 with the weight lattice of G2(C) via the mapping (n,m) i— > nroi + mzo2, and 
regard Jo as a function defined on the weight lattice as well. 

Write (n, m) for the trace of the semisimple conjugacy class in (j2(C) attached to n, acting 
on the irreducible finite dimensional representation of G*2(C) with highest weight nwi+mw2- 
Here w\ and cu 2 are the fundamental weights. 

Define S and P u as in the previous section and set 

fQ, uj = 

Qm = < 1 + q~ l , vj = nuji or nw 2 , 
^1, otherwise, 

for w a dominant weight of (^(C). 
Define 

f>M = 7T Puiq' 1 ) ^ + / — ^X| ro +p-H( r ) ; 

Qvj ~ tZ7 + p- z/ 1 

ffcoo 



and p(n, m) = ^(raoj! + mzz7 2 ) 
Define 



2 (x, g) = (1 - xg 5 )(l - xg 6 )(l - xg 7 )(l - xg 8 )(l - x 2 g 14 )(l - x 3 g 21 ). 
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Theorem 2. We have 

oo oo 

(23) m ) J o(n, m; x, g)a; n+2m g 8n+15m = ^ ^ ^(r, 0)x r q 8r 

n,m=0 r=0 

Proof. For w a dominant weight of (72(C), define J(w;x,q) = Iq(w; x, q)T^/Q zu , where tq 
is an element of the standard maximal torus L T of (72(C), chosen so that r^ 1 = xg 8 and 
r^ 2 = x 2 q 15 . (Here, we employ the exponential notation for the weights. That is w is a 
function from L T to C x , and its value at r G L T is denoted r ro .) Then 

J(c7; x, g) = ((1 - xg 6 )(l - x 3 q 21 )r™ - {xq 8 ){l - xq 5 ){l - xq 6 )r™ - {xq 7 )(l - xq 5 ){l - xq % )r 

where Ti,r 2 G l T satisfy 

rP=xq\ T r=x 3 q 23 , rf 1 = x 2 q l \ T p=x 3 q 23 . 

Set 

J (x,q) = (l-xq 6 )(l-x 3 q 21 ), Jfaq) = (xq 8 )(l-xq 5 )(l-xq 6 ), J 2 (x,q) = (xq 7 )(l-xq 5 )(l 
so that 

J(zu;x,q) = J (x,q)TQ - Ji(x,g)rf - J 2 (a;,g)r 2 ro . 

Write A ++ for the semigroup of dominant weights of G 2 (C). For A G A ++ , write x(A) 
for the character of the irreducible finite dimensional representation of (72(C) with highest 
weight A. 

Then x(A) appears in the expression for p(w) given in the previous section if and only if 
{(w, v) I w G W,u G Sq,w + v + p = w(X + p)} is nonempty. If this set is nonempty, then 
the coefficient of %(A) in this expression for p(zu) is governed by 

D(X, w) := {(w, S) I w G W, v G 5 , Sc$V + 2(5) + p = w(A + p)}, 
where E(S') := X] Q es a - ^° ^ e P rec i se 

pH= E E (-i)^(-?- 1 ) 151 

AGA++ (w,S)£D(\,m) 

Thus, it must be shown that for A G A ++ 

V E J(«7;x,,)(-l)^)(-,- 1 )l fl l = { Zb(a; ' 9)(ir98)r ' ro = rai ' 
w t^+ ( W> 5)IS(A, W ) I ' otherwise. 

This will be reduced to a finite number of cases. 



Lemma 9. Given A, w G A ++ , D(A, ro) zs nonempty if and only if zu <E X + S . 
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Proof. The set p - S = {%E(S) - |X(S C ) | S C $} is clearly W-stable. (Here S c denotes 
the complement of S in <E>.) So 

35 C $ s.t. w(<p-E(S)+p) = A+p 3S c $ s.t. wro-£(S)+p = A+p wro G A+S, 

Now, the convex hull of A + S is a convex dodecagon D with edges parallel to the roots. 
The center of mass of the dodecagon D is A + p and lies in the positive Weyl chamber. Let 
£ be any line which is parallel to a root and does not pass through A + p. Then £ partitions 
the plane into two half-planes. Let H + be the half-plane containing A + p and H~ the other. 
Then the reflection of (D n H + ) over i contains H~ . Applying this geometric observation to 
the reflections in the Weyl group, it is clear that {w G W : wtu G A + S } must contain the 
identity if it is nonempty. (In fact, one can say more. If ww G A + S and w = w[iii2 ■ ■ - ik] 
is a reduced expression for w, then w[ij . . . ik]vo G A + So for 1 < j < k.) □ 

Thus we need to show that 
(24) 

£ J(\+v,x,q) £ (-!)'<«> £ (~ q -r i - 

ves wew sc* 

A + ,yCA+ + w(\+p)e\+v+p-S \ + v+p-S(S) = w(\ + p) 

Now, {u> I w(X + p) G + p — So} for some -07 G A ++ is given by 

{e}, A = nzu 1 + mw 2 , n > 5, m > 3, 

{e, w[l]}, A = no?! + mwii n < 4, m > 3, 
{e, iu[2]}, A = ncui + mco 2 , n > 5, m < 2. 

Here e is the identity element of the Weyl group. 
Lemma 10. Fix n with < n < 4 and v G So. For A = nw\ + mro 2 , the expression 

™(A+p)eA+i/+p-S A+,y+p-£(S)=u>(A+p) 

independent of m > 3. Likewise, for fixed m < 2 it is independent of n > 5. 

Proof. We prove the first statement. The proof of the second statement is symmetric. Indeed, 
for m > 3 and n < 4, the given expression is 

£(-^) |5| + E 

sc* sc* 

i/=B(S) A+i/+p-£(S)=u>[l](A+p) 

and w[l} \ — A = ncci, independent of m. □ 
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z (x, q)(xq 8 ) r , \ = rwi, 
0, otherwise. 



Observe that for n < 4 and m > 3, {v G So | A + v G A ++ } is also independent of m. 
Thus, for all m > 3, the left hand side of equation (Ell) is equal to 

£ J(A + z/;x,g)P(n,i/;g~ 1 ) 



(x 2 



q 15 ) m ((xq 8 TJ (x, q) £ P(n, u; g^K 



(x 3 



q 23 ) m (xq 8 ) n Ji(x, q) £ P(n, v; g^K + (x 2 q 15 ) n J 2 (x, q) £ r»P(n, v; q' 1 ) 



Now m i — y (x 2 q 15 ) m and m i— )■ (x 3 g 23 ) m are two linearly independent functions of m. There- 
fore, after checking equation [2H for two distinct values of m > 3, one may deduce that 

J2 P(n, v, q-'K = ( (xq 8 TJi(x, q) £ P ^ + ( X VT J ^> ^ E T ^ P ^ * ^ ) = °> 

V \ V V J 



and thence that f[2~41) holds for all m > 3. The same method allows one to reduce the case 
when m < 2 is fixed and n > 5 is arbitrary to checking two cases, and to reduce the case 
m > 3,n > 5 to checking three cases. Overall, it suffices to check all pairs (n, m) with n < 6 
and m < 4. This is easily accomplished using LiE jL]. □ 

Remark 4. Equation fT24"|) /ias another simple proof in the case n > 5, m > 3. In t/iat case, 
equation ( )24|) reduces to 



E(S)=i/ 



£ J(A + z/;*,g) £ (-g- 1 )l 5 l = 0. 

27ie Ze/it /jand side is egwa/ 



£(-g- 1 )l s lj(A + E(5'); a ;,g) 
J (x,g) J] (1 - g- 1 ^ - Ji(x,q) J] (1 - g~ l 7f)^ - J 2 (x,q) J] (1 - <rV 2 > 2 A . 



ae<J>+ ae<I>+ 

i?iti one can fairly easily check that for each i = 0, 1, 2, there is a positive root a such that 
r? = q. 

4. The normalizing factor of the Eisenstein series 

In this section we compute the normalizing factor of the Eisenstein series. The Eisenstein 
series we use, denoted by E(h,s), is attached to the induced representation Indp^^S^x- 
Here, x = Yl v Xv is a character of A x /F x which has been identified with a character of 
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P 2 (F)\P 2 (A) by composing it with the rational character det 5 of P 2 . (See section I2TT1 ) To 
compute the normalizing factor we consider an unramified place v, where Xv — 8p 2 for i^GC. 
Then Ind^f^ d~p 2 X is a sub-representation of Ind^p^' \5p^ v '5 E ] 1 ^ 2 )5 1 J 2 , where B is the Borel 
of Eg. Any root a = J2 n i a i sucn that n 2 > will contribute the factor 



C„(17n 2 (s + v) - Yu n i) L v (17n 2 s - £>i>X' 



n 2 x 

v J 



C(17n 2 (s + v) - + 1) L v (17n 2 s - + 1, X v 2 ) 
See [PS-Rj . proposition 5.2. Thus, after cancellation we obtain the factor the product 
Z 1 (s)Z 2 (s) where 

L(17a - 10, X ) L(17s - 11, x ) L(17s - 12, x ) L(17s - 13, X ) £(17s - 14, x ) L(17s - 16, X ) 



Z 1 (s) - 
Z 2 (s 



L{17s, X ) L{17s-2,x) L(17s-3, X ) L(17s-4, X ) L(17s-5,x) L(17s-6,x) 
L(34s - 17, x 2 ) L(34s - 19, X 2 ) L(3As - 21, X 2 ) L(34s - 23, X 2 ) L(51s - 29, X 3 ) 



L(34s - 10, x 2 ) L(3As - 12, X 2 ) L(3As - 14, X 2 ) L{3As - 16, x 2 ) L(hls - 21, x 3 ) 
The denominator is the normalizing factor, and for Re(s) > | the poles of the Eisenstein 
series should be determined by the poles of the numerator. Thus we expect the following to 
hold. 

Conjecture 1. For Re(s) > 1/2, the possible poles of the Eisenstein series are as follows. 

• If X is trivial, then the Eisenstein series E(h, s) can have a double pole at the points 

|i and -M. At the points ^; -M; y|; j| and 1, it can have a simple pole. 

• If x is nontrivial quadratic, then the Eisenstein series can have simple poles at 

10 11 12 13 14 15 j 1 
17' 17' 17' 17' 17' 17 

• If x is nontrivial cubic, then the Eisenstein series can have a simple pole at 

• If the order of x exceeds 3 then the Eisenstein series is holomorphic in Re(s) > |. 

5. Calculation of I(s,t) 
Theorem 3. Let I(s,t) be defined by (TPTj) . let 

Z(x, q) = {l- x)(l - xq 2 )(l - xq^l - xq A )(l - x 2 q 10 )(l - x 2 q 12 ) 

and 

I {n,m;x,q) := (l-x g 6 )(l-z 3 g 21 )-(l-xg 5 )(l-xg 6 )(V) m+1 -(l-xg 8 )(l-xg 5 )(xg 8 ) m (V) n+1 . 
Then 

= Z(x,q)I (n,m;x } q) 
[S, ) (I - xq r ){\ - xq & ) ' 
where x = q~ 17s , n is the p-adic valuation oft±, and m is that of t 2 . 
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5.1. First reduction. The purpose of this section is to compute the period J(s, t) appearing 
in (TTgj) . The first step is to reduce the study of I(s,t) to the study of a simpler period 
J(a, b, c), which we now define. 

Throughout section [5j we denote the maximal torus of Eg by T. If w is an element of 
the Weyl group, W, of E s , then we define U w = U max H w~ l U max w = H a>0 . wa<0 U a . In this 
notation, the group U' Q appearing in the definition of I(s,t) can also be described as U Wl . 



Definition 1. For a, b, c G F x , define 

J(a,b,c) = f s (wu)^ (wooiooooo + aw ioooooo + «iooooooo + &W00001110 + cw ooooiii) du, 
(25) Ju w 

w = w [243154234565423145765423187]. 

Theorem 4. 



;i + g- 51s+18 )J(l,l,l), h,t 2 e 
I(s,t) = { J(l,l,*i) - g - 68s+26 J(l,l,p-%), h g x 

J(l,t 2 ,t 1 t 2 )-q- Us+M J(p,p-H 2 ,p-H 1 ,t 2 ) + q- 81s+35 J(l,p-H 2 ,p- 2 t 1 t 2 ), t 2 i o x 

5.1.1. Tools. Before proceeding to the details of the proof we review a few standard tech- 
niques which are used in the calculations. We consider integrals of the following type: 

(26) / f s (wu)ip v (u) du, 

Jv 

where w G W, 

V c {u = XfoM ■ • .,Xfa(u N ) : Ui G F, {l<i< N)}, 
is defined by a finite set of conditions of one of the following three types: 

\ui\ < 1, \ui\ > 1, Ui = c, c G F, constant. 

Also j3i,...,j3ff are distinct roots such that wfli £ $(P, T), (1 < i < N), and 

ll) V (x Pl (ui) . . .,Xp N (u N )) = V> ^^CiUi^j > for SOme Ci, . . . ,C N E F. 



The variable Ui is said to be free if it does not appear in any of the conditions which define 
V. Of course, I(s, t) is of this type. 

The basic technique is to split an integral of this type up according to whether \un\ < 1 of 
\un\ > 1 and plug in the Iwasawa decomposition for each to obtain two integrals of the same 
type with a smaller value of N. Some care must be taken with regard to the order of the 
terms in the product to avoid venturing outside of this relatively simple class of integrals. 

In addition to this basic technique, there are a few additional tricks that can be used. 
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Indeed, it's clear that the terms may be reordered arbitrarily if we assume that 

+ fa = (3 k for some 1 < k < N, 
Ck = 0, 
Uk is free. 

Lemma 11. Suppose that is not constant, and cjy ^ o. Then the section integral f|2oT) is 
zero. 

Proof. Introduce xp N (z) at right with z G o such that iP(cnz) ^ 1, and make a change of 
variables in u^. □ 

Lemma 12 (Killing). Let 

(AT-l 
^ CiUi 
1=1 

Assume that 

f(wv'x/3 N (u N )x a (z))i) V i(v') dv = ip(az + eu N z) I f(wv'xp N (u N )) ■ ipy(v') dv, 
v Jv 

where a G o and e G o x . Then one may restrict to o without affecting the value of the 
integral. In this situation we say we can kill the root (3n- 

Proof. Simply integrate z over o. □ 

Lemma 13. Suppose that cjy 6 o x , and that there is a cocharacter ho : GL\ — > T with the 
property that (ho, /3jy) = 1, and (ho, A) = for all i ^ N with ci ^ 0, and that the variable 
un in fl26l) is subject to the bound \un\ > 1. Then the section integral fl26|) is equal to the 
integral 

- / fs{wux^ N {p~ 1 ))ip v/ {u)du. 



v 

Here, V and ipyi are defined as in 

Proof. Introduce ho(e) at right and integrate e over o x . Conjugating ho(e) across and making 
suitable changes of variable, one obtains an inner integration of 

q k [ ^(c N ep- k ) de = \ ~ 1} k ~ 1 . 
J\ e \=i I U otherwise, 

which gives the result. □ 

Remark 5. A sufficient condition for the existence of a cocharacter with the given properties 
is that : Q 7^ 0} < 8, and that there is an element of SL(8, Z) with the property that 
each root with q ^ is one of the rows. 
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Lemma 14. Keep the notation and assumptions of lemma UM but now assume that 

f(wv'xp N (u N )x ot (z))ipv'(v') dv = ip((a + bu k + eu N )z) I f(wv'x/s N (u N ) ■ ?/V'(V) dv, 

Jv 

for some a, 5 G o,e G o x , and k E {1, . . . , N — 1}. Then the section integral (|26|) is equal to 

/ f s (wu)ip y~] CiUi + c N bu k du, 
where V is the subset of V defined by the condition = —e~ 1 bu k . 

Proof. The proof is the same as that of lemma [T5J □ 

Lemma 15. Suppose that w = W\Wi. Then one may conjugate w 2 from right to left without 
changing the value of the integral. 

Remark 6. In general W2Xp i (ui)w 2 ~ = x W2 p(±Ui). Normally, we make changes of variables 
at the same time to remove this signs. This may introduce signs into ipv 

If S is any subset of $(G, T) which is closed under addition, then the product of the groups 
U a , a e S, is a group, denoted Us- Note that S = <&(Us,T). It will frequently be convenient 
to describe a subgroup Us of U w by specifying the complement of $(Us,T) in $>(U W ,T). 



Proof of first reduction theorem^ Using lemma [T2l one kills 

, , f 10100000, 10110000, 10111000, 10111100, 10111110,1 

^ > \ 11110000, 11111000, 11111100, 11121000, 11221000 J ' 

deducing that I(s, t), is equal to an integral of the same type, a 61-dimensional subgroup U' C 
U Q . let S" be the complement of {11111110,11121100,10111111,10000000} in S' . Number 
the elements of S", as f}\, . . . , /3 57 , and let 

U" = {Xfrfah) . . .,x p „(up„) : Ui & F, (1 < % < 57)}. 

Define 

II(s,t;mi,m 2l m 3l n) = / /< i (wi ng Mx mm io(m2)x m 2iioo("i3)^ioiiiiii("ii)a;iooooooo(^))V ; c/,t(M) du. 



U" 

Thus 

r(s ' t) = IIJI //(s - (; m " m2 ' ms ' nmmi) dm > " m dm ""■ 

F F F F 

We then consider various cases, based on the absolute values of n,mi,ti, and t 2 . Write 
I 0;0 (s,t) for the integral over n G o and m\ G o, I 0> F\o{ s ^) for the integral over n G o and 
nil G -F \ o, and so on, and 7f x0 for the integral over n G F \ o. 
Using lemma IT2l then lemma fT5l yields 7 ,o — «/(l, ^2, ^1^2)- 
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Proposition 5. One has 

T f ,,_jq- 51s+18 J(lAA) } ti,t 2 G0 x , 
I 0, otherwise. 

Proof. The four terms in 

^11111110(^2)^11121100(^3)^10111111 (^1)2:10000000(71) 
all commute with one another. We rearrange them as 

£11111110 (^2)^10000000 (7i)xni2iioo (^3)^10111111 
And write I' F ^ (s,t) = I F ^ 0>0 (s,t) + I F ^ 0}F ^ o (s,t), where 

I' F ^ (s,t) := J J J J -^( s ' mi ' m 2' m 3' n )^( m i) dm 2 dm 3 dm\ dn 

F\o OFF 

= J j J II(s,t;0,m 2 ,m 3 ,n) dm?, dm 3 dn 

F\o F F 

J^ XOij p x( ,(s,t) := J J J j ' II(s,t;mi,m 2 ,m 3 ,n)ip(m 1 ) dm 2 dm 3 dm 1 dn. 

F\o F\o F F 

In 7^ x00 (s,t), the root 01111110 kills 11121100, and then, plugging in the Iwasawa decom- 
position of x ai (n) and simplifying yields 

J ko,o(M)= / H(s,t;0,m 2 ,0,0)dm 3 J \n\^ ls+l7 dn. 

F F\o 

The first integral on the right hand side may also be obtained by killing one term in I' g . So 
it is equal to I' and hence to J(l, t 2 , t\t 2 ). 
Next, lemma [T3l implies that 

^F\o,F\ (s,t) = - J J J II(s,t;p~ 1 ,m 2 ,m 3 ,n) dm 2 dm 3 dn. 

F\o F F 

and then lemma [UP with a = 01111110 yields 



(s,t) = J J II(s,t;p 1 ,m 2 ,tit 2 p 1 ,n)dm 2 dn. 



'F\o,F\ol 

F\o F 

Plugging in the Iwasawa decomposition for x ai (n) and simplifying gives 

^Fxo,fm,(M) = -J J fs{mn g ux iniin o(m 2 ))^u,t{u)dudm 2 J ip (n~ 1 p~ 2 t 1 t^) dn. 

F U" F\o 

As before, the integral on the left equals J(l,t 2 ,tit 2 ). Now, 

\n\- 51s+l7 ^{n- l p-H l t 2 2 )dn= j |n|" 51s+17 dn, 

|n|>l |n|>l 
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unless t\t\ G o, in which case 

\n\- 51s+17 ^(n- 1 p- 2 t 1 t 2 2 )dn= I \n\- 51s+17 dn, 



\n\>q \n\>q 

while 



\n\=q 

Combined with the fact that 



\n\- 51s+17 dn = q- 51s+18 -q- 51s+17 , 



\n\=q 



this yields the result. □ 




j | £i| — 1^2 1 — I; 

-J(p,p- 1 t 2 ,p- 1 *it 2 )?" 34s+14 + g- 85s+35 J(l,p- 2 t 2 ,p- 2 tit 2 ), |f 2 | < 1, 
-q- GSs+26 J(l,l,p-%), |f 2 | = l,|*i|<l. 

Proof. This follows from the same type of arguments using the lemmas from section 15.1.11 
We omit the details. □ 

Assembling the pieces we obtain the theorem. □ 

5.2. Second Reduction. 

Proposition 7. Let f be the normalized spherical vector in the induced representation at- 
tached to the character 

8 8 

^ n>i s! ' mth 

i=i i=i 

[si, . . . , s 8 ] = [17s - 6, 17s - 6, 17s - 6, -34s + 14, 17s - 6, -17s + 7, 17s - 6, 17s - 5], 
and let 



Then 



J (b,c):= / /(w[57687]m)^(6m oooiho + cmoooooiii) ^m- 

U w [57687] 

C(17»-6)C(17»-7) „ 17 „ +7 , 



J <°- c > = c(17 . _ 4 )C(17. - 3)C(17. - 2) C (17 3 )C(34 3 - 10) (1 ~ " 
Proof. First, write ^[243154234565423145765423187] = w"w' with w" = w [243154234654237654], w' 
w [131257687]. We have 
(30) 

J (a, b,c)= / (M(s, w")f s )(w'u)ip (u oiooooo + craoioooooo + Wiooooooo + &«oooomo + c«ooooom) du, 
J u w , 
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where 



M(s,w")f s (g)= / f s (w"ug)du 

JU..M 



is the standard intertwining operator. By the Gindikin-Karpelevich formula we have 

M(s w")f = C(17s - 6) 4 C(34 g - 13) 

1 ' )U C(17a - 4)C(17a - 3)C(17a - 2)C(17s)C(34 S - 10) h 
Next, observe that w' and U w > are contained in the standard Levi subgroup of E 8 which has 
derived group isomorphic to SL 2 xSL 3 x SL 5 . One may factor w' as w' = w [131] w [2] w [57687], 
and also factor the integral in ( )30l) into a product of 3 simpler integrals corresponding to 
the three components of the Levi and the three factors of w' . The integrals corresponding to 
w[131] and w[2] are Jacquet integrals, equalling C(17s — 6)~ 2 C(34s — 13) _1 and (1 — 

| a |i7s-7g,-i7s+7^ respectively. The proposition follows. □ 

5.3. An SL5 period. From Theorem H] and Proposition [71 the computation of I(s,t), is 
reduced to the computation of an integral Jo(b, c) over a unipotent subgroup of the copy of 
SL 5 in E$ which is generated by x± as ; x± a6 ; x± a7 and x± a8 . In this section we compute 
J (b,c). 

Proposition 8. The function Jo(b, c) depends only on the p-adic valuations ofb and c. Take 
integers B and C with B < C, and take E equal to either an integer or oo. Define J 2 (B, C, E) 
to be 

'(1 -x 2 g 12 )(l -xg 6 ) - (1 -xg 5 )(l - x 2 q 13 )(xq 7 ) c+1 mm(B,C,E) > 
+ (1 - g" 1 ) - xq 7 )(x 2 q 13 ) c +\ E>C, 

(1 - x 2 q 12 ){\ - xq e )(l - (x 2 q 13 ) E+1 ) mm{B, C, E) > 0, 

-(xq 7 ) c+1 (l - xg 5 )(l - x 2 q 13 )(l - (xq 6 ) E+1 ), E < C, 

mm(B,C,E) < 0. 

where x = q~ s . Then for all b, c G F with \b\ = q~ B and \c\ = q~ c , 
(31) 

B B 

J (b, c) =J 2 {B, C, oo) + (1 - g- 1 ) MB -£,C-£, oo)(xq 8 ) e + (1 - g" 1 ) ^(x 2 g 13 ) fe J 2 (B - k, C, oo) 

t=l k=l 
fc-1 B-k 

8\e 



(1 - xq 6 )(l - (xq 7 ) B+1 ) 
(1 — xg 7 ) 2 (l — x 2 q 13 ) 



MB -k,C,C-k + l)q~ l + J ^B -k-i,C-£,C-k- £)(xq 8 Y 



+ (i-g- x ) 2 E 

k=l 

Proof. Define 

n (xi, x 2 , x 3 , x^ X5) . Xq, 5 -|_ q , 6 -)_ q , 7 (x^x cl Qj rCt7 -\. a ^ (x^)x a j.\- a g (x3)x Q ,g-)_Q, 7 {x^x^ {x\ ) G Eg. 
This gives an explicit parametrization of the group U w [57qs7]- Next, define 

Ji(6,c,e)= / f x (n~(Q,x 2 ,x 3 ,x i ,x 5 )ip(bxr J + cx 4 + ex 2 x 3 ) dx 
Jf 4 
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j 2 (b, c, e) = / f x (n (0 } 0,x 3} x 4} x 5 ))ijj(bx 5 + cx 4 + ex 3 ) dx 

JF* 

J 4 (c,e) = / f x {n~{0,0,x 3 ,x 4 ,0))ip{cx 4 + ex 3 )dx. 
Jf 2 

Then by plugging in the Iwasawa decompositions of x a7 (x\) and then x a6+aT (x 2 ), one finds 
that 

J (6,c) = Ji(6,c,0) + / Ji^M^M" 34 * 4 " 13 ^! 

Ji(6,c,e)= J 2 (b, c, x 2 ) dx 2 + / J 2 (fcr 2 , cx 2 , ex 2 )|x 2 | 17s+7 <ir 2 . 
Moreover, if 1 is the characteristic function of o, then 



(33) J 2 (6,c,e) = ^^ (l - |6| 17 -V 17s+7 )^4(c,e) ■ 1.(6). 

(The integration in x 5 amounts to an SL 2 Jacquet integral.) Likewise 

Uc,e) = ~ ^ ^l (c) y*(l - | C | 17s - 7 g- 17s+7 )^(ex3)^3 

+ J l (cx3)(l-|cx 3 | 17s -V 17s+7 )^(ex3)|a;3r 34s+12 rfx3 

At this point it is clear that J4, and hence all of the other integrals, depend only on the 
absolute values, or, equivalently, p-adic valuations, of their arguments. Introducing the 
notation x := q~ l7s , we have 



UP C ,P E ) = Uc)lo(e) 1 —^ ( (1 - (xq 7 ) c+1 ) + f> - NT^+^VT / 



^(e£ 3 ) c?x 3 

X3|=5 m 



Denote this quantity by J^C, E). Recall that for any e G F with |e| = q E , 

((l-q-i)q™, m<E, 
/ ip(ex 3 ) dx 3 = I -q E , m = E + 1, 



0, m > £ + 1. 

It follows that J 4 (C, E) — if either C or is negative, and that otherwise 

'(1 - x 2 q 12 )(l - xq e ) - (1 - xq 5 )(l - a; 2 g 13 )(a;g 7 ) c+1 

+ (1 - q~*)(xq*)(l - xq 7 )(x 2 q 13 ) c +\ E > C, 

(1 - x 2 g 12 )(l - xq 6 )(l - (x 2 q 13 ) E+1 ) 

-(xq 7 ) c+1 (l - xq 5 )(l - x 2 g 13 )(l - (xq 6 ) E+1 ), E < C. 



MC,E) 



(1 — xq 7 )(l — x 2 q 13 ) 
It follows from (133!) that 



J 2 (6,c,e) = ^4(1 - (xg 7 ) B+1 )J 4 (C,E)l (6) = J 2 (B,C,E), 
1 — xq 1 
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jj{X) = (l-X 1 X, 



whenever b, c G F x ,e G F have valuations B,C,E respectively (with the convention that 
the valuation of is oo). Plugging in to ( 1321) . and using the fact that B < C and that the 
volume of {y G F : \y\ = q k } is q k (l — q^ 1 ) for each k G Z, gives the result. □ 

Now, take X = . . . , Jf 6 ) to be a sextuple of indeterminates, and consider the ring 
i?i := C(x,g)[X] of polynomials in X with coefficients in the field C(x,q) of rational func- 
tions. We define two elements of this ring by 

(1 - x 2 q 12 )(l - xq 6 ) - (1 - xq 5 )(l - x 2 q 13 )X 3 X 7 4 

+ (1 - q- l ){xq«){l - xq 7 )XlXl\ 

Jl[X) = {l-X.Xl) ((1 - x 2 g 12 )(l - xq e )(l - X 2 X 6 13 ) - X 3 X 4 7 (1 - xg 5 )(l - x 2 g 13 )(l - X 5 X 6 6 )) 

then we have 

(1 - xq 6 ) f l 7 2 1 (x B+1 ,g B+1 ,x c+1 ,g c+1 ,x i?+1 ,g £+1 ), E > C, 

(1 - xq 7 ) 2 {l - xV 3 ) [Ji(x B+1 , q B+ \ x c+1 , q c+ \ x E+1 , q E+1 ), E<C. 

Let R 2 be the ring of Laurent polynomials C(x, q)[Xi, X 2 , X 3 , X 4 , Xf , X 2 ]■ Then J 2 G 
R 2 , and each of the four summations above corresponds to a linear operator Ri — > R 2 . For 
example, 



MB,C,E) 



B 



J2(x ni q n2 ) B+1 - e (x m <i n4 f +1 - l (xq 8 y 
i=i 

,1— rai— n3 „8— n2— ri4 ni— 713 „8— ri2— n^B+l 



(x n "q n2 ) B+1 (x n3 q n ") C+1 



for all Tlx, • • • W4 £ Z with (ni + n 3 , n 2 + n 4 ) 7^ (1,8). It follows that 

£ MB ~ I, C - £, 00) = [T 1 .^ 1 ](ar B+1 , a; c +\ q c+1 ), 
where T\ is the C(x, g)-linear map R\ — > R 2 defined on monomials by 

Tl [II ^"j =]JXj ll (x 1 - ni - n3 q 8 - n2 - ni - Xl- ni - n:i Q 8 - n2 - n4 ). 

\i=l J i=l 

In similar fashion, we can define operators corresponding to the other three summations in 
( 13~Tj) . Specifically, if 

( 6 \ 4 „2-m „13-n 2 y2-m yl3-n 2 
l_ x 2-„ lg 13-n 2 ' 

' r „2— m- ng „14— n 2 — «6 



r > 11^ rll^'W 



4 



v t=l / i=l 



1 - xS-m-ns^U-na-ne)^ _ x 2-n lq 



13-ra 2 N 



I / ni— ns j^14— n 2 — ng j^2— ni j^13— n 2 

+ ^ — — T X \ - ^ 2 + * ' 2 



I x n 5 qn 6 -l M 3.2— na— 7l5gl4— ri2— "6 ]_ ^2-rti gl3-n 2 
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^.3— 2ni— 713— 2ns ^22— Ini— 714 — 2ne 



4 l-j-J- * y -j-^- * 3 4 y(l 713— 715^8— Tl2—ri4—n6^|[ ,£2—711—715^14—712—716 

X 1+Tl3 g6+n4j^l-»ll-»73-7!.5 J^8-7l2-774-776 J£-2-?ll — 715 J£-14-J) 2 - /)( 



) 



_ ^ 1_n l _n 3- re 5g8-n2-n4-ri 6 ^X _ ,£l+»i3g6+?i4^ ^ _ ,^2-ni -7t5gl4-n 2 -7i6 ^ ^ _ 3.1+713^6+714^ J 

Then J (p B ,p C ) = J (x B+1 ,q B+1 ,x c+1 ,q c+1 ), where 

*7o = (1 _ ^(7-^13) ^2 + (1 - O^i + T 2 ). Ji + (1 - g-) 2 ^ + T 4 ).#]. 
Proposition 9. T/ie waZue 0/ J7" gwen by 



(l-x^g-rrV 2 ) / (l-xg 6 )(l-xV 3 ) XjXf (1 - xg 5 ) (1 - x 2 q , _ v 6 2 14 

(l + V) 3 (l-xV 3 ) V (l-g 8 a:) (1-xg 8 ) +l 9 ^ 12 

+X 3 X 7 (1 - g 5 :r) (-(1 + g 6 :r)(l - g^X.g" 1 + (1 - ^V)?" 1 ^^ 7 - (1 - q~ l )q 6 xX^X^) 

xq 7 (l — q 8 x) 

+xq 8 (l - xq A - xq 6 + x 2 q 11 + x 2 g 12 - x 2 g 13 )X 1 X 2 8 ) 



+X 3 2 X 4 13 ^— i_2_ ((1 - g^)(l + x 2 g 12 - x 2 g 13 - x 3 g 19 )X 2 



Proof. Straightforward calculations give each of the components of the sum. We record the 
results: 

M ] =(1 - V)d - *V) - ^A-.A-J + /^^ .At) 



n _ 7m 1 _ / ^V 3 xg^X 7 xg 6 X 2 X 2 13 (1 - xg 7 ) \ 1 

[T 2 .J 2 \ - [T 2 .(l - X X X 2 )\J A - [ Y — I ^ - T -^ r + {1 _ xq6){1 _ x 2 q i 3) ) ^ 

[T 3 .J 2 2 ] = ((1 -xg 6 )(l -x 2 g 12 ) - (1 -xg 5 )(l - x 2 g 13 )X 3 X 7 ) ■ [T 3 .(l - X.X])] + c 2 (X u X 2 )X 3 2 X 4 13 , 
where 

r,.(i-^J)- lV4 



(1 -x 2 g 14 )(l -x 2 g 13 ) (l-xg 7 )(l-xg 

X 2 X 2 13 xg 6 ( 1 - xg 7 ) X 2 X 2 14 xg 7 



(l-g- 1 )(l-xg 6 )(l-a; 2 g 13 ) (1 - g- 1 )^ - x 2 g 14 ) 
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c 2 = (1 — xq )(1 — x q 



xq 



X x X\q 



(1 — xg 8 )(l — x 2 q 13 ) (1 — xq 6 )(l — q) 

XxX$q X x Xl 3 xq & {\ - xq 7 ) 



-(1 - xq b )(l - x 2 q 12 ]) 



(1 — xq 5 )(l — sg 8 ) (1 — xq & ){\ — x 2 g 13 )(l — xg 5 ) 
q X x Xlx- l q-^ 



(1 - q)(l - x 2 q 13 ) (1 -xg 6 )(l -x-ig- 6 ) 

XsorV 6 X 2 X™xq e (l - xq 7 ) 



(1 - x 2 q 12 )(l - q) (1 - xg 6 )(l - x 2 q 13 )(l - x 2 q 12 ) 



Finally 



[T4.J2] =(1 - xq b )(l - xY)Q(0, 0, 0, 0) - (1 - xq b )(l - x 2 q L3 )Q(l } 7, 0, 0)X 3 X, 



[(1 - xq b )(l - x 2 q 12 )Q(2, 13, 0, 0) - (1 - xq 5 )(l - x 2 q u )Q(l, 7, 1, 6)]X 2 X 4 " 



where 

Q{n 3 ,n A ,n 5 ,n 6 ) 



^,3— 713 — 2n 5 q22—n4—2riQ 



(1 — x 2-n 5 qlA-n 6 ^ H _ ^l-n 3 -n 5 g8-n 4 -n 6 ^ 
J^ 1 J^7 a ,l-n3-2n 5 g8-n 4 -2n 6 
M _ x l-n S qI-n 6 ^ (l _ x -n 3 -n S ql-n 4 -n 6 ^ 



X 



l-n 5q 7-n 6X 2-n 5x 14-n 6 ^ _ g 7 



X 



(1 - x na+1 q n *+ e ) (1 - x l - n5 q 7 - n z) (1 - x 2 - n *q 1A - n s) 

x l-n Ba 7~n 6X l-n 3 -n 5x 8-n 4 -ne ( 1 _ Q 7. 



8— 714— 



Totalling up the contributions, multiplying by ^ 2 f?J 2 i3\ , and simplifying gives the 



result. 



□ 



5.4. Final calculation of I(s, t). In this section we complete the proof of theorem [3j First, 
by proposition [71 J(a,b,c) = Po(x,q)(l — (xq 7 ) A+1 )Jo(b,c), where 

(I — x)(l — xq 2 )(l — xq 3 )(l — xq A )(l — x 2 q 10 ) 

^o{x,q) = — — , 

(1 — xq ){± — xq') 

and by theorem H] 

J(l,l,l)(l + xV 8 ), ti,t 2 G0 x 

I(s, t) = { J(l, 1, h) - xV 6 J(l, 1, t2 eo*Mio 

J(l, t 2 , ht 2 ) - x 2 q u J(p, f , if ) + x 5 q 35 J(l, ^, ^), t 2 £ X . 
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5.4.1. Case 1: t 2 ^ o x . First, assume t 2 ^ o x , define B and C in terms of t\,t 2 by \t 2 \ = 
q~ B : \t x t 2 \ = q~ c . Then 



,.2 I 1 „ *2 *1*2 N , „5„35 ^2 M2 

n 2' ^2 



J(s, t) = J(l, i 2 , txt 2 ) - x 2 q 14 J(p, A -11) + x 5 q 35 J(l, 



tr> t±t 2 
p2 



= (1 - V) f Jb(* 2 , M 2 ) - *V 4 (l + Jb(-, — ) + *V 5 J (^f, 
\ p p P A 

= {l-xq 7 )[T .J ]{x m+1 ,q m+1 ,x n+m+1 ,q n+m+1 ), 

where n and m are the p-adic valuations of t\ and t 2 , respectively, and T is a linear operator 

on the ring R 2 defined by 

T ° 1 H X i l ) = EIX"^ 1 " X 2 - ni - ns q 14 - n2 - ni )(l - x 3-ni-n 3q 21-n 2 - ni y 
\i=l / i=l 

Applying the operator T to j7o as computed in the previous section gives 



(l-xg 6 )(l-xV 2 ) ' (1 - ^ 6 )(1 - ^V 1 ) " (1 " ^ 6 )(1 " xq 8 )X 3 X 7 4 
(I - xq 7 )(l - xq 8 ) 



Multiplying by (1 — xq 7 )P (x,q) = (1 — xg 6 )(l — x 2 q 12 ) Z (x , q) , and plugging in X 2 = 
q m+1 ,X 3 = x n+m+1 and X 4 = q n+m+1 gives the proof in this case. 

5.4.2. Case 2: t 2 G o x . In this case the summations corresponding to T 4 ,T 3 and T 4 are 
empty sums. Hence these terms will specialize to zero in that case. Moreover 

{Jl + (1 - <f X )T2-Jl) = (1 _ xg6)( 1 1 _ xV 3 ) ^ Q, X 1: X 2 )J 4 \x, q, X 3 , X 4 ). 

The condition t 2 G o x translates to = x,X 2 = q, and 

Ji(x,q,X 1 ,X 2 ) = (l-xq 6 )(l-xq 7 )(l-x 2 q 13 ), 

so we obtain J = ^^t^w) JRx, q, X 3 , X 4 ) in this case. Now, 

(i + rVVo(^?^,9). tieo x , 

J {x,q,X 3 ,X 4 ) -x 4 q 26 J {x,q,X 3 x- 2 ,X 4 q- 2 ), t 2 <£ X , 



/ = P (x,q)(l - xq 7 
Simplifying 



J (x,q,X 3 ,X 4 ) - x 4 q 26 J (x,q,X 3 x 2 ,X 4 q 2 ) 

1 — xq 6 



((1 _ xq *)(i _ a; 2 g 12 )(l - xV 6 ) - (1 - ^ 5 )(1 " x 2 q 13 )(l - x 2 q 12 )X 3 X 7 ) . 



(1 — xq 7 )(l — x 2 q 13 ) 

If X 3 = x, and x = q, this coincides with (1 + x 3 q 18 ) Jq{x, q, x, q). It follows that the case 
t\ G o x does not need to be handled separately. After incorporating (1 — xq 7 )P (x,q), one 
has only to check that 

I (n, 0; x, q) = (1 - xq 8 ) ((1 - xq 6 )(l + x 2 q 13 ) - (1 - xq 5 )x n+1 q 7n+7 ) , 

and this is straightforward. 
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